We study the effects of quenching in Super-Yang-Mills theory. While supersymmetry is broken, the lagrangian acquires a new flavour U (1 | 1) symmetry. The anomaly structure thus differs from the unquenched case. We derive the corresponding low-energy effective lagrangian. As a consequence, we predict the mass splitting expected in numerical simulations for particles belonging to the lowest-lying supermultiplet. An estimate of the systematic error due to quenching follows.
Introduction
If it finally turns out that nature can express itself in the language of supersymmetric theories, the understanding of the strongly coupled regime of the latter may be very important. From gluino condensation to many other issues in nowadays implementations of string theories, such understanding is pertinent. A first important step in this direction was made by Veneziano and Yankielowicz (VY) [1] , when they derived the low energy effective lagrangian for pure N = 1 supersymmetric Yang-Mills theory (SYM). Recently, several modifications to this lagrangian have been proposed [2, 3] .
The "a priori" primary tool for a direct study of strongly coupled field theories is lattice regularization. Even though the lattice regulator by itself explicitly breaks supersymmetry and chiral symmetry, it is possible to implement a suitable procedure to recover the SUSY and anomalous chiral Ward identities in the continuum limit [4] . Some numerical results for N = 1 SYM can be found in [5, 6, 7] . However, the numerical implementation of the full theory can be very time/resource consuming due to the fermion determinant computation 2 . It is well known that the quenched approximation greatly reduces such costs, albeit at the price of the corresponding systematic error. Although supersymmetry is broken upon quenching, those simulations represent a convenient first step to explore the parameter space of the theory, as far as the induced error is under control, one of the issues adressed here.
A qualitative and quantitative understanding of the effects of quenching in a supersymmetric theory should come out of the theoretical endeavour of the present work. In this paper we derive the low energy effective lagrangian for quenched N = 1 SYM theory in the continuum, paralleling the work done for QCD in [8] . Our work is based on the VY effective lagrangian (modified theories could be studied within the same approach). We focus in the resulting mass spectrum for the low-energy supermultiplet and the mass splitting induced by quenching. A preliminary version of our results can be found in [9] .
The paper is organized as follows: in Sect. 2 we recall the N = 1 SYM theory and its anomaly structure, as well as its low-energy effective theory; in Sect. 3 we investigate quenched SYM and its anomalies, whereas in Sect. 4 the lowenergy effective quenched lagrangian is proposed. Sect. 5 deals with the analytical computation of the mass spectrum for the quenched extension of the lowest-lying VY supermultiplet and in Sect. 6, we eventually draw our conclusions.
Super-Yang-Mills action and its symmetries
Consider the N=1 Super-Yang-Mills lagrangian, which is the minimal supersymmetric version of a pure SU(N c ) gauge theory. It describes a vector supermultiplet with fermion and boson fields in the adjoint representation of the colour gauge group SU(N c ). No matter superfields, containing fermion and scalar fields in the fundamental representation, are present. The on-shell action is given by
where a, b = 1, . . . , (N 2 c − 1) are indices running in the adjoint representation of SU(N c ) and D ab is the corresponding covariant derivative acting on the gluino field λ a , which is a Majorana fermion. At the classical level, the action is also invariant under a chiral U(1) symmetry acting on the gluino field 3 , as well as scale invariant. At the quantum level both these symmetries are broken, though, by the corresponding chiral and trace anomalies,
J µ and Θ µ µ denote the chiral current and the trace of the energy momentum tensor Θ µν , respectively, while c(g) = β(g)/2g, with β(g) being the one-loop β-function of the theory. The two anomalies in eq. (2) and the supersymmetric trace anomaly, given by γ µ S µ = 2c(g)σ µν F a µν λ a , belong to the same supermultiplet. From the assumption of colour confinement in SYM, for which some supporting numerical results exist [10] , it follows that the spectrum should contain colourless bound states of gluons and gluinos. In the limit N c → ∞ the low energy spectrum will contain both mesons and baryons, made up of an even and odd number of gluinos, respectively (while in QCD only mesons survived as light fields). Moreover, these bound states should be described by a supersymmetric low energy effective theory which has to reproduce all the symmetries of the fundamental action including its chiral, scale and supersymmetric anomalies. Such an action, here below dubbed S V Y , was derived by VY in [1] . They considered the lowest dimensional composite operators (made of gluons and gluinos) belonging to the same chiral supermultiplet, with the result
where S is a chiral supermultiplet containing the bound states and α and µ are free parameters. Notice that the request to reproduce the correct anomalies of the fundamental action fixes completely the form of the superpotential.
Expanding S in component fields, the off-shell VY action can be written as
where φ is a complex scalar field, χ is a Majorana spinor, χ R,L = 1 2
(1 I ± iγ 5 )χ and M is a complex auxiliary field 4 . In terms of the fundamental fields, they are described by
where c(g) is the same factor appearing in the anomalies, eq. (2 have no kinetic terms and appear at most quadratically in the lagrangian, eq. (4): they automatically play the role of auxiliary fields. In order to obtain canonical kinetic terms, φ and χ can be rescaled as follows:
allowing to rewrite eq. (4) as
The use of the equation of motion for the auxiliary field M,
eventually leads from eq. (7) to the on-shell VY action,
Using an exponential representation for the complex scalar field, φ ≡ ρ S e iθ S / √ 2, where ρ S and θ S are real scalar and pseudoscalar fields, respectively, the VY scalar potential V V Y can be written as
The minimum of the potential is found at a non-zero value of ρ S , and therefore spontaneous chiral symmetry breaking occurs. Nevertheless, the would-be goldstone boson, θ S , is not a massless field: the anomaly terms in the lagrangian explicitly break the symmetry, providing a mass scale. As supersymmetry is unbroken, mass degeneracy among the members of the multiplet is preserved with the result m θ = m ρ = m χ = 1 3 αµ.
Quenched Super-Yang-Mills and its symmetries
This section describes how to implement the quenched approximation in N=1 SYM theory and discusses which new symmetries appear as a consequence of the quenching procedure. Alike to the approach in ref. [8] , we add to the SYM lagrangian a ghost scalar field in the adjoint representation. This new field, η a , has the same quantum numbers as the gluino field, λ a , although "wrong" spin-statistics. Containing a ghost-like field, the new lagrangian violates unitarity, not a surprise as the quenched approximation automatically does so. We thus propose the following quenched fundamental action:
It should be noticed that the kinetic term of the new field is no longer of the usual γ µ D ab µ fermionic type, asη a γ µ D ab µ η b = 0 (up to total derivatives) due to the "wrong" spin-statistics behaviour of the ghost, in the same way asλ
µ kinetic operator is thus the only possible kinetic term for these Majorana ghosts. This situation differs from that in ref. [8] , as quenching QCD requires the inclusion of Dirac ghosts, for which the canonical fermionic kinetic term does exist.
The fermionic integration over the Majorana fields in the generating functional of SYM gives the Pfaffian operator P f (O) (where O is the Dirac operator). The usual fermion determinant, det(O), is defined to be its square. In order to implement the quenched approximation the internal fermion loops, represented by the Pfaffian, should be canceled. Our new kinetic term in eq. (11) allows such a cancelation, since det(
After the integration over the ghost degree of freedom in the generating functional, the ghost and fermion Pfaffians cancel each other, thus implementing the quenched approximation 5 . The action S q SY M is certainly no longer supersymmetric, as new bosonic fields have been introduced with no fermionic counterparts. It is still gauge invariant and classically scale invariant and its U(1) chiral symmetry is promoted to a U(1 | 1) chiral symmetry, the latter corresponding to the invariance of the lagrangian under the exchange of the fermion with the ghost. Since for N f = 1 Majorana fermion there is no U(1) fermion number symmetry, no vector U(1 | 1) symmetry is expected.
The U(1 | 1) group is a Z 2 graded Lie group with both bosonic and fermionic generators (the supersymmetric algebra itself obeys a Z 2 graded Lie group). The associated algebra is defined by two bosonic generators {σ 0 , σ 3 } and two fermionic generators {σ 1 , σ 2 }, where σ 0 is the identity matrix, and σ 1,2,3 denote the Pauli matrices. The graded algebra consists of the following commutation and anticommutation rules
Any element of the U(1 | 1) group is a 2 × 2 matrix with diagonal bosonic elements and off-diagonal fermionic ones. The group is unitary in the usual sense U † U = I. As for ordinary Lie groups, any element of U(1 | 1) can be represented as a continuous function of four parameters ǫ i as follows
where ǫ 0,3 are real numbers and ǫ 1,2 are real Grassman numbers. Invariants under the U(1 | 1) group can be constructed using the cyclic properties of the superstrace Str, defined as
where, in general, a, d are complex numbers and b, c complex Grassman numbers. An extended description of the properties of graded groups can be found for instance in [11] . It is possible to rewrite the action in eq. (11) in a more compact form,
where Q is the doublet Q a = (λ a , η a ). Written so, the lagrangian is now manifestly invariant under chiral U(1 | 1) transformations, defined as follows:
The four currents associated to the axial U(1 | 1) symmetry are
(where i = 0, . . . , 3), or, explicitly,
Recall that the currents transform under
The fermionic currents J ± µ , which mix fermions and ghosts, cannot give rise to anomalies. To identify which new currents in eq. (18) are anomalous, let us consider the triangle graph for the ghost field. Define the triangle graph Γ µνρ as
Here A λ µ (V λ µ ) denote the usual axial (vectorial) currents for the gluino fields, whereas A η µ =η a γ µ η a , V η µ =η a (iγ µ γ 5 )η a denote the corresponding ones for the ghost field η. Notice that, once again due to the Majorana nature of η and its "wrong" statistics, the ghost-gluon coupling is of the form iγ µ γ 5 , while the axial current insertion is now γ µ , and the free η propagator is given by
Eventually, we obtain the following relation between the triangle graphs,
with the relative minus stemming from the consideration of a fermion-statistics loop versus a boson-statistics one. It follows that the J 0 µ current is non-anomalous, as the fermion and ghost loops cancel each other exactly, while J 3 µ is anomalous as they add up. Hence, the chiral U(1 | 1) group is explicitly broken by the J 3 µ anomalous current to a smaller group, SU(1 | 1). The subgroup SU(1 | 1) admits a graded algebra with generators {σ 0 , σ 1 , σ 2 }.
As for the trace anomaly, it can be shown that the ghost contribution to Θ µ µ exactly cancels the contribution of the gluino loop. In conclusion, the anomalous chiral and scale Ward identities of the quenched SYM theory are
where β ′ is the one-loop β-function for the pure gauge theory, as the fermion and ghost contributions cancel out.
Low energy effective theory
The low-energy effective lagrangian should be invariant under the symmetries of the fundamental theory and reproduce at the classical level the corresponding anomalies, eq. (22). In the unquenched theory it depended on two free parameters µ and α, as reviewed in Sect. 2. For the quenched case, supersymmetry is no longer a symmetry of the action and in principle many more free parameters can be introduced. The new U(1 | 1) symmetry provides a restrictive guideline, which we explore below.
The most general effective lagrangian can be decomposed as follows:
The kinetic term, L kin , and the interaction term, L int , are classically invariant under chiral U(1 | 1) symmetry and naive scale transformations, whereas
under a scale transformation and
under an anomalous chiral U(1 | 1) transformation, as dictated by the structure of the fundamental theory. The coefficients of the two extra terms that appear under these transformations are fixed by the anomalies in the fundamental theory, eq. (22). In order to implement the U(1 | 1) symmetry, we define the following composite fields:
with U defined in eq. (16).χ is a doublet fermion field 6 defined in the fundamental representation of U(1 | 1), just like Q a . The anomalous U σ 3 (1 | 1) transformation breaks the U(1 | 1) invariance of the theory in the following way,
The discrete Z 4Nc is the residual symmetry related to the anomalous σ 3 generator, whilst the continuous SU(1 | 1) group is related to the unbroken graded subalgebra formed by the {σ 0 , σ 1 , σ 2 } generators, as explained in Sect. 3. Under the assumption that the SU(1 | 1) chiral symmetry is spontaneously broken 7 , an exponential representation for the scalar field is convenient,
with ρ a scalar field invariant under U(1 | 1) andΣ a pseudoscalar field (θ = θ i σ i , i = 0, . . . , 3 ). The three pseudoscalars θ i (i = 0, 1, 2) are the would-be Goldstone modes associated with the spontaneous breaking of SU(1 | 1). The pseudoscalar associated to the anomalous generator is
Str log Σ. Consider now L anom . Under a σ 3 transformation,
There is only one dimensionful field, ρ. Under a scale transformation,
Finally, both θ 3 and ρ are invariant under SU(1 | 1). Hence, the anomalous term in the lagrangian, as fixed by eq. (22), is
with
Let us turn now to the most general form for L kin ,
Notice that we have written the coefficients V i as arbitrary functions of the invariant field ρ:
• They cannot depend on θ 3 and/or log(ρ/μ), as this would spoil the desired anomalies by introducing supplementary contributions in addition to the correct ones generated by the term L anom above.
• They could depend onΣ in a SU(1 | 1) invariant form, like Str(∂ n µΣ † ∂ nµΣ ). However, since we consider the leading order in the momentum expansion, no new derivatives should be added in the coefficients in front of the kinetic terms. We are thus left with Str(Σ †Σ ) = 0, and as a result the coefficients V i do not depend onΣ, either.
Consider now the interaction lagrangian L int . The most general expression invariant under U(1 | 1), at zero order in the derivative expansion, is given by
where a m , c mnp and d mnp parametrize all the unknown effects of the quenching. Their field dependence only encompasses the field ρ, as the same arguments used above with respect to the coefficients V i in L kin hold here. A supplementary dimensional argument should be applied both to L kin and L int , in order to further constraint their parameters. Since in the fundamental theory there are no explicit mass parameter, the effective theory must be scale invariant up to the trace anomaly (the same analysis has been done for QCD in [14] ). No terms with a dimensionful parameter can be introduced in the lagrangian. As a consequence, the correct dimensionality of any term can be fulfilled by inserting the appropriate powers of ρ. In what concerns L kin , this means that the coefficients V i (ρ) of the kinetic lagrangian are just constants, V i . Moreover, we can explicitly write the ρ-dependence in L int :
where the coefficients a m , c mnp , d mnp are constants, the original coefficients having been redefined so as not to depend on the fields anymore. This latter analysis deserves a comment: in principle only an analytical dependence on ρ can be removed by dimensional arguments. Nevertheless, we consider a reasonable assumption that the only possible non-analytical field dependence is in L anom : the anomalies are manifestly non-analytical in the ghost field, as they vary discontinously when the ghost field is turned on, eq. (22).
Gathering all the above results, a final step is now pertinent. The fundamental action of the unquenched SYM should be, and is, smoothly recovered from the quenched SYM theory when the ghost field is switched off, η → 0, except for the anomalous non-analytical contributions. Analogously, we expect to recover S V Y from our effective action when all ghost-like fields are removed, except again for the anomalous contributions, which should remain the same. This assumption further constraints the coefficients of the effective lagrangian. In order to study this limit, develope first the kinetic lagrangian in a canonical form:
where
θ andθ behave likeλ a γ 5 λ a andη a γ 5 η a respectively. In eq. (37) the following rescaling has been performed:
It can be noticed that the kinetic term ofΣ contains fields with a "wrong" metric, a left-over of their ghostness. In the limit η → 0, we get:
where the subscript S refers to the fields in the supersymmetric S V Y action, eq.
. Matching, thus, the VY action and the quenched action in the η → 0 limit, fixes uniquely the coefficients of the latter. It follows:
This new action is no longer supersymmetric, although it strongly resembles eq. (7).
The equation of motion for the auxiliary field is:
and the on-shell action is:
It is interesting to notice that eq. (35) could have been greatly simplified, would have we considered the leading order in the 1/N c expansion. In the Appendix we show that only a small subset of parameters must be fixed then by requiring that S V Y is recovered in the η → 0 limit.
The mass spectrum
The aim of this paper is to give a prediction for the spectrum of the quenched SYM theory, and in particular for the mass splitting induced by the quenched approximation. In the previous section, the scalar potential was found to be:
where we have redefinedμ =
′ so as to use a notation alike to that in ref. [1] , the prime recalling that, in our knowledge, there is no reason for the nonperturbative mass scale of the quenched theory to be the same as the unquenched one.
The mass spectrum is derived by expanding eq. (43) around the minimum of V , eq. (44), located at 0|ρ|0 =μ, and 0|θ 3 |0 = 0. Shifting the field ρ →μ + σ, rescaling θ i → θ i /μ and developing θ 0,3 in terms of θ andθ, it follows:
where m χ = αµ ′ /3 and θ ± = (θ 1 ± iθ 2 )/ √ 2 are two massless pseudoscalar Goldstone fermions. As for θ andθ, their non-diagonal mass matrix implies that their would-be mass term cannot be resummed: the mass term is to be taken as an interaction vertex, alike to the situation in [8] . The Euclidean propagator is then:
(the graphs with multiple θ 2 ,θ 2 insertions cancel out those with θθ insertions, and as a consequence the single insertions result in a double-pole propagator).
The mass spectrum for the bound states of the gluino and gluon fields is then given by
to be compared with m χ = m σ = m θ in the unquenched theory. It is not completely correct to consider the coefficient (1 + 1) 2 m 2 χ of the double-pole term in G θ (p) as a mass term for the θ pseudoscalar, since it is not possible to resum it, as explained above. However, in a numerical simulation that coefficient is interpreted as its would-be mass (to become a proper mass term after resummation of the internal fermion loops in the full theory).
The spectrum for the scalar (ρ) and fermion (χ) fields shows that the mass splitting of the VY supermultiplet results from the non-analiticity of the anomaly dependence on the ghost field.
In ref. [13] results for the quenched mass spectrum of N = 1 SYM with gauge group SU(2) were presented, with m χ = 0.58 (9) and m σ = 0.64(6) in the chiral limit. The ratio (m σ /m χ ) lat = 1.1(3) is in fair agreement with our theoretical expectation in eq. (47), (m σ /m χ ) th = 11/9 = 1.22 for SU (2) . However, further quenched simulations are needed in order to decrease the numerical errors and to confirm the theoretical prediction for the σ − χ splitting, as well to study the θ − χ splitting in full detail.
Conclusions
We have implemented quenching on N = 1 SYM theory, in the continuum, by introducing a ghost-like field, which cancels the internal fermion-loop effects on observable quantities. We have then derived the corresponding low energy effective lagrangian, the relevant object with respect to the spectrum and interactions of the bound states of the theory.
Although supersymmetry is lost upon quenching, it turns out that a new U(1 | 1) symmetry arises, explicitly broken by the chiral anomaly to Z 4Nc × SU(1 | 1). Its rich and beautiful anomaly structure entails a controlable splitting of the Veneziano-Yankielowicz multiplet: the pseudoscalar mass doubles the fermionic one, and the scalar mass is about 20 % heavier than the latter (for the SU(2) gauge group).
These results provide a first estimate of the systematic error associated to quenching in lattice supersymmetry computations, and illuminate recent numerical computations.
where m + n + p ≤ 2. We have used dimensional arguments to extract the ρ-dependence from the coefficients c mnp , d mnp and a m (the only dimensionally allowed term of this type would be a 4 , suppressed as 1/N 
Terms linear in (M ± M † ) are θ-angles. Only a small set of free parameters remains at the leading order in 1/N c , then, to be fixed requiring the recovery of the VY lagrangian in the η → 0 limit. Our final results for the mass spectrum are, of course, not modified by the results of this Appendix.
